A two-dimensional hydrodynamic model for a bounded plasma cylinder is developed. This model establishes a bridge between the two limiting cases presented by Godyak and Sternberg (2008 Plasma Sources Sci. Technol. 17 0250042): the diffusion-controlled regime and the free-fall regime. An analysis of the bounded plasma cylinder with arbitrary aspect ratios and arbitrary collisionality is presented. Plasma parameters relevant in applications are found for a wide range of aspect ratios and collisionality.
Introduction
In laboratory experiments and in industrial applications, plasmas are always multi-dimensional. In the literature, in order to evaluate the spatial plasma distribution, multidimensional bounded plasmas are represented as the product of the corresponding one-dimensional classical models. Such an approach is quite legitimate for collision dominated plasmas, which can be adequately represented by the Schottky model [1] . The Schottky model assumes a zero plasma density at the plasma boundary, and in the two-dimensional case, can be solved analytically. In [2] , the special case of a linear, diffusion-controlled, two-dimensional plasma model with non-zero plasma density at the boundary was solved analytically.
In [3] , we presented an extensive analysis of a twodimensional collisionless plasma. We showed that the plasma spatial distribution in bounded cylindrical plasmas cannot be represented as a product of the corresponding one-dimensional planar and cylindrical solutions. Moreover, we found that, contrary to the Schottky limit, the two-dimensional plasma spatial distribution depends on the plasma aspect ratio. In [3] , we have found the ionization frequency, the spatial distribution of the plasma density, the ion flux to the wall and the ion ejecting angle with respect to plasma boundary for a wide range of aspect ratios, and we gave analytical representations for these quantities for some limiting cases.
In this paper, we extend the analysis presented in [3] to include ion-atom collisions. We present an analysis of a two-dimensional bounded plasma cylinder for arbitrary aspect ratios and arbitrary collisionality from the diffusion-controlled regime to the free-fall regime. For simplicity and consistency of exposition, we follow closely the analysis presented in [3] .
The paper is organized as follows. In section 2, we formulate the two-dimensional plasma problem for arbitrary aspect ratios and collisionality. In section 3, we develop some techniques which will simplify the exposition of the main result. In section 4, we study the dependence of the plasma parameters on the aspect ratio and collision parameter. In addition, we find analytical representations of the plasma parameters in the asymptotic cases of short and long cylinders. Our conclusions are presented in section 5.
Basic equations
For cold ions, no heat transfer and no net current, the quasineutral plasma, bounded by insulated walls, can be described by the following continuity and momentum equations (see for example, [3, 5] ):
M(nv · ∇)v + MSnv + en∇ϕ + nF = 0,
where n is the plasma density, v is the plasma transport velocity, ϕ is the electric potential, M is the ion mass, e is the electron charge, F is the ion frictional force and S is the frequency of ionization. In this case, we can assume that the electrons with Maxwellian energy distribution are in equilibrium with the ambipolar electric field:
where T e is the electron temperature and k is the Boltzmann constant. For simplicity, we assume that
where ν i is the ion-atom collision frequency. In order to model a cylindrical plasma, we introduce cylindrical coordinates (r, θ, z) and consider a cylinder of radius R and finite length 2L. We assume that the plasma is axially symmetric, and there is no azimuthal flow. Using the notation v(r, z) = (v r (r, z), v z (r, z)) with 0 r R and 0 z L, equations (1)- (2) become We prescribe the following initial conditions at the cylinder center:
With those initial conditions, equation (3) yields the Boltzmann plasma density distribution:
We are interested in the solution of the cylindrical plasma problem obtained through separation of variables, i.e.
n(r, z)
for some appropriate functions N r , N z , v r , v z which have to be determined. In order to satisfy the boundary condition (8), we set
Substituting (10) into (5), we find
Since N r , v r are functions only of r, and N z , v z are functions only of z, equation (12) yields
and
where S r and S z are the components of the ionization frequency due to radial and axial particle losses, such that
Note that equation (13) is the continuity equation in the axial direction and describes a planar plasma [5] . Equation (14) is the continuity equation in the radial direction and describes a cylindrical plasma [5] .
Substituting (10) into (6) and (7) 
We can now find N r , N z , v r , v z by solving the equations (13), (14), (16) and (17) with the initial condition (11).
Note that although we started with a non-linear system (5)- (7), we were able to use the method of separation of variables. This method was first introduced in [6] and successfully applied in [3] to study collisionless cylindrical plasma, and in [7, 8] to study collisional magnetized cylindrical plasma.
In order to simplify the computations, we introduce the following dimensionless variables:
Note that A = L/R is the aspect ratio of the plasma cylinder, α r is the collision parameter in the radial direction, while α z is the collision parameter in the axial direction. The relationship between the two parameters is given by
Furthermore, 0 ξ ξ R and 0 ζ ζ L where
are the normalized components of the ionization frequency due to radial and axial particle loss. Observe that for the normalization we have chosen, ξ R is the normalized radius of the cylinder, while 2ζ L is the normalized length of the cylinder. The relationship between ζ L and ξ R is given by
In the dimensionless variables (18), the boundary condition (11) becomes
The normalized plasma equations in the axial directions are given by
where β z = S/S z , or equivalently
Note that equations (25) and (26) have a singularity at u z = 1, i.e. when the axial velocity component reaches the ion sound speed. Following the literature, we will assume that the ion sound speed is reached in the axial direction at the axial plasma
Solving (25)- (26) analytically with the initial condition (22), we find
In particular, at u z = 1
Equation (29) can be solved for ζ L numerically. Note that in the planar case (i.e. β z = 1), equations (27)-(30) are reduced to the corresponding classical equations in [5] .
The normalized equations in the radial direction are given by d dξ (ξy r u r ) = ξy r ,
where β r = S/S r , or equivalently,
Note that equations (33) and (34) have a singularity at u r = 1, i.e. when the radial velocity component reaches the ion sound speed. We will assume that the ion sound speed is reached at the radial plasma boundary ξ = ξ R , i.e. u r (ξ R ) = 1 (or v r (R) = v s ).
System (33)-(34) has to be solved numerically. Because of the singularity at ξ = 0, we need to find an initial condition at ξ = 0, but close to zero. Differentiating equations (31) and (32) at ξ = 0 and using Taylor expansions for ξ ≈ 0, we find
Before we proceed, we need to clarify the relationship between β r and β z . Observe that
Thus, the equations in the axial and radial direction are coupled through β r and β z and have to be solved simultaneously using an iteration method. Note that, as expected, in the collisionless case (α z = α r = 0), equations (27)- (30) and (33)- (34) are identical to the corresponding equations in [3] .
We have solved the plasma problem presented above, treating the aspect ratio A = L/R and the collision parameter α z as parameters of the problem. In particular, we have obtained the plasma characteristics in the axial directions from equations (27) 
Preliminary analysis
We will now develop some techniques which will simplify the exposition and discussion of the main results of the following sections.
Consider the special case when β z + α z /ζ L is sufficiently large such that equation (24) can be reduced to
Using equation (23) we obtain
which yields
In particular, assuming that y z (ζ L ) = 0, we can represent the axial plasma density at the boundary as [2, 3] 
for some 0 < δ z < 1. Therefore,
In addition, substituting (40) into (38), and using (41)-(42) together with the fact that u z (ζ L ) = 1, we find
which for sufficiently small δ z yields
In particular,
and ζ L is the solution of the quadratic equation
Consider now the special case when β r + α r /ξ r is sufficiently large such that equation (32) can be reduced to
which together with equation (31) yields the Bessel equation
Hence,
In particular, assuming that y r (ξ R ) = 0, we can represent the radial plasma density at the boundary as [2, 3] 
for some 0 < δ r < 1. Thus,
In addition, substituting (51) into (49), and using (52)-(53) together with the fact that u r (ζ R ) = 1, we find 2.405
which for sufficiently small δ r yields, using Taylor expansions,
Thus, for β r + α r /ξ R 1/ξ R , the radial plasma density is given by 
Normalized axial ζ L and radial ξ R ionization frequency components versus the aspect ratio for different collision parameters α z . The upper curves correspond to α z = 0, the lower curves correspond to α z = 100 and the curves in between correspond to α z = 1; 10; 30 in descending order. and
and ξ R is a solution of the quadratic equation
Analysis of plasma parameters
Consider figures 1 and 2. Figure 1 shows the behavior of the normalized axial and radial ionization frequency components and figure 2 shows the axial and radial plasma density at the boundary, all as functions of the aspect ratio. Observe that those plasma parameters exhibit asymptotic behavior for very short and very long cylinders. In this section, we will study this asymptotic behavior.
Short plasma cylinder
In a short cylinder (i.e. A = L/R 1), the particle loss is mainly in the axial direction, which implies that S ≈ S z and S r 1. In this case, β z = S/S z ≈ 1, while β r = S/S r 1. Observe that for β z = 1, equations (25)-(26) are the wellknown planar plasma equations [5] . Therefore, the axial distributions of the plasma density and ion velocity, y z and u z , are given by (27)- (28) axial boundary plasma density can be obtained from (29) and (30). In particular, for α z = 0, we find ζ (L) = ζ 0 = 0.5708 and y z (ζ 0 ) = 0.5, and the solution in the axial direction is the well known solution of the collisionless planar plasma equations [5] .
For α z ζ L , the discussion in the previous section is applicable. In particular, equation (45) becomes,
Furthermore, from (46)-(47), we find
On the other hand, for β r 1, we can assume that β r ≈ ζ L /(Aξ R ), and hence
Using (57), we obtain
Furthermore, equation (56) becomes
and from (58)
Note that for α z = 0, ξ R = 10.13A, y r (ξ r ) = 2.2A, and we recover the corresponding result in [3] .
In summary, for a short cylinder and all collision parameters α z , the plasma density distribution is given by
where y z is the solution of the planar plasma equations obtained from (28). Here, ζ L is found from (29) and ξ R is given by (63).
For α z 1, the plasma density distribution given in (66) becomes
where ξ R = (2.405) 2 A/α z and ζ L is given by (61). Furthermore, y z (ζ L ) is given by (61) and from (65), y r (ξ R ) = 1.25A/α z .
In the diffusion limit α z → ∞, we recover the solution of the two-dimensional Shottky model with the zero boundary condition for the axial and radial plasma density distributions:
Long plasma cylinder
In a long cylinder (i.e. A = L/R 1), the particle loss is mainly in the radial direction, which implies that S ≈ S r and S z 1. In this case, β r = S/S r ≈ 1, while β z = S/S z 1. Observe first that in the limit α z Aξ R (i.e. α r /ξ R 1 = β r , equations (31)-(32) are the equations for an infinite collisionless cylindrical plasma [5] . Therefore, in this limiting case, the plasma parameters will approach the corresponding parameters for α z = 0, namely, ξ R = ξ 0 = 1.11, y(ξ R ) = 0.42 [5] .
For Aξ R + α z A (which is equivalent to the condition β r + α r /ξ R 1/ξ R ), equations (56)-(59) apply, and we find
where ξ R is the solution of the quadratic equation (59) 
where
Recall that in the limit α z Aξ R , the value of ξ R does not depend on the collision parameter. Thus, in this limiting case, the plasma parameters approach the corresponding parameter values for α z = 0, namely, ζ L = 2.22/A, y z (ζ L ) = 1.42/A. Note that in this case, we recover the solutions for a collisionless long plasma cylinder obtained in [3] .
In summary, for a long cylinder and all collision parameters α z , the plasma density distribution is given by
where y r is the solution of the plasma equations (31) 
where y r is the solution of the infinitely long collisionless plasma cylinder.
As for a short cylinder, when α z A, we find that
In this case, the plasma density distribution given by equation (74) becomes
Note that in the limit α z A, the ionization frequency components and the axial and radial boundary plasma densities are the same for a short or a long cylinder. Moreover, as for the short cylinder, in the limit α z → ∞ we recover the solution of the Schottky model given by (68).
Effective gap
It is often convenient to express the total ionization frequency S in terms of the ionization frequency of some planar plasma having an equivalent width (characteristic size) L eff , namely,
whereζ is the planar normalized ionization frequency given by equation (29) with β z = 1 for arbitrary collision parameters α z . Since S = S r + S z , it follows from (20) and (37) that On the other hand, for A 1, it holds that β z ≈ Aξ R /ζ L and therefore, L eff /L =ζ /(Aξ 0 ). As in the discussion above, there are two cases to consider. In the first case, α z Aξ R and it follows that L eff /L =ζ /1.11A. In the second case, α z A and L eff /L =ζ α z /(2.405A) 2 . The dependence of the ratio of the effective gap to the cylinder length on the aspect ratio is shown in figure 3 . Note that in the collisionless case, α z = 0, we recover the corresponding result of [3] .
Plasma density distribution
Consider the normalized radial plasma density distribution at the mid cross-section of the cylinder at ζ = 0 (i.e. z = 0), given by y(ξ, 0) = y r (ξ ). For a short cylinder (A 1), if α z ζ L then according to (66)
Furthermore, according to (67), for α z 1,
The representations (80)-(81) remain valid for a long cylinder (A 1) if α z A. On the other hand, for a long cylinder, if α z A then according to the discussion in section 4.2, the radial plasma density distribution can be approximated by the plasma density distribution of a collisionless infinitely long cylinder which we will denote by y cyl .
In and all collision parameters α z . This is illustrated in figure 4 for α z = 1. Note that in the limit α z → ∞, it holds that y(ξ, 0) → J 0 (2.405ξ/ξ R ) for all aspect ratios.
Consider now the normalized plasma density distribution along the cylinder axis at ξ = 0 (i.e. r = 0), which is given by y(0, ζ ) = y z (ζ ). According to the discussion in section 4.2, for a long cylinder (A 1), if α z A then
On the other hand, for a short cylinder (A 1), according to the discussion in section 4.1, the axial plasma density distribution can be approximated by the corresponding plasma density distribution y pl of the planar collisional system given by (28). For α z 1, the axial plasma density distribution is close to the planar collisionless plasma density distribution. For α z 1, the plasma density distribution can be represented by equation (83).
In summary, for all aspect ratios A and all collision parameters α z , it holds that y(0, ζ ) → cos(0.5πζ /ζ L ) if α z /A → 0 and y(0, ζ ) → y pl if α z /A → ∞. This is illustrated in figure 5 for α z = 1. Note that in the limit α z → ∞, it holds that y(0, ζ ) → cos(0.5πζ /ζ L ) for all aspect ratios.
For comparison, we include figures 6 and 7 which show the radial and axial plasma density distribution for α z = 10. 
Ion flux distribution and ion ejecting angle at the plasma boundaries
For a finite cylinder, the normalized ion flux density is given by where y(r, ξ ) = y r (ξ )y z (ζ ) and u = (u r (ξ ), u z (ζ )). In particular, at the axial plasma boundary (ζ = ζ L , or z = L), the ion flux density is
L (ξ ) are the radial and axial components of the ion flux density at the axial boundary given by
At the radial plasma boundary (ξ = ξ R , or r = R), the ion flux density is given by
where 
Consider first the case α z /A → ∞, i.e. α z fixed and A → 0, or α z → ∞ and A fixed. Then, β r + α r /ξ R → ∞ and from (49) u r (ξ ) → 0. Using the result of the previous section, we find that
and where y pl is the plasma density distribution of the corresponding planar collisional system given by (28). Consider now the case α z /A → 0, i.e. α z fixed and A → ∞ or α z → 0 and A fixed. Then, for α z = 0, we find β z + α z /ξ z → ∞ and from (38) u z (ζ ) → 0. Using the result of the previous section, we find that
where y cyl is the plasma density distribution of a collisionless infinitely long cylinder. The behavior of the ion flux densities on the axial and radial boundaries is illustrated in figures 8 and 9 for α z = 1 and different aspect ratios. Note that on each boundary, the ion flux densities consist of both radial and axial components. Furthermore observe that the distributions for the ion flux densities in figures 6 and 7 are similar to the plasma density distributions shown in figures 4 and 5. However, because of the contribution by the ion velocity (which has both axial and radial components), the ion flux density is distributed more uniformly than the plasma density.
The ion ejecting angle at the radial plasma boundary (i.e. the angle between the ion current at the boundary r = R and the r-axis) is given by
while the ion ejecting angle at the axial plasma boundary (i.e. the angle between the ion current at the boundary z = L and the z-axis) is given by • and θ(ξ R ) = 45
• . Figures 10 and 11 show the behavior of θ r (ζ ) and θ z (ξ ) for α z = 1 and for different aspect ratios. For all aspect ratios, the ion ejecting angles change from zero at the cylinder center (r, z) = (0, 0) to 45
• at the edges where the plasma boundaries r = R and z = L merge.
Observe that in the above discussion, we have formulated the asymptotic behavior of the plasma characteristics in terms of the ratio α z /A = α r .
Conclusions
We have presented a study of a two-dimensional hydrodynamic model of a bounded plasma cylinder for a wide range of gas pressure, starting from the collisionless free-fall regime and ending with the collision dominated diffusion regime. As expected, in the collisionless and in the collision dominated limits, the plasma parameters we have found coincide with the corresponding limiting cases analyzed in [3] . This paper establishes a bridge between those two limiting cases. We have found the ionization frequency, the plasma density distribution, the ion flux and the ion ejecting angle for a wide range of plasma aspect ratios and collisionality.
General features of two-dimensional plasmas discussed in [3] have the same rationales and are fully applicable to the model we considered in this paper. Those features are: (i) Except for the limiting case of collision dominated diffusion, the plasma spatial distribution depends on the plasma aspect ratio. Indeed, for limited collisionality, a two-dimensional plasma cannot be accurately described by the product of the solutions of corresponding onedimensional models. (ii) For all collision parameters, for small and large aspect ratios (A 1 and A 1), the plasma spatial distribution in the direction of the closest boundary is described by corresponding solutions of the collision dominated diffusion model. (iii) In two-dimensional plasmas, the ion flux at the plasma boundary is not normal to the boundary. Moreover, the magnitude of the ion velocity at the plasma boundaries exceeds the ion sound speed. This is a consequence of multi-dimensionality and of the nature of the hydrodynamic model which has a singularity at the plasma boundary in each direction.
As was the case in [3] , the two-dimensional hydrodynamic plasma model considered in this paper implies a uniform ionization frequency S, and thus ∇S = ∇T e = 0. This condition can be met in two cases. The first case is when a plasma current is absent. Indeed, a plasma current may cause a non-uniform electron heating field E, since ∇E/E = −∇n/n. This, in turn, may lead to a non-uniform electron temperature and ionization frequency along the plasma current path. The second case is at relatively low gas pressure when the electron energy relaxation length λ for electrons in the inelastic energy range ( > * ) is large compared with the plasma size along the current path [3] . Here is the electron energy and * is the excitation energy. This case describes quite well plasma discharges within the mTorr pressure range where the plasma spatial distribution is independent of the electron heating distribution [4] .
For simplicity of exposition, and in order to obtain analytical solutions of the hydrodynamic model of a twodimensional plasma presented in this paper, we assumed that the ion friction force is proportional to the ion drift velocity (i.e. F = Mν i v, with ν i = const). This assumption, known in the literature as the approximation of constant ion mobility, is valid when the ion velocity is less than the ion thermal velocity, i.e. v < v T i = (kT i /M) 1/2 . In low pressure gas discharge plasmas, however, the ion drift (ambipolar) velocity v, averaged over the plasma volume, could be much larger than ion thermal velocity. Under such conditions, the ion-atom interaction is governed by the charge exchange mechanism resulting in the ion friction force being proportional to the square of the ion velocity, known in the literature as the regime of variable ion mobility. Solving the two-dimensional hydrodynamic model of bounded plasmas in the regime of variable ion mobility is much more complicated. In this case, one cannot use the method of separation of variables, and instead has to solve numerically a system of partial differential equations, choosing carefully appropriate boundary conditions.
